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CHAPTER 1
INTRODUCTION

With the incrcasing use of clectronic computers, random sampling
methods have become a very useful tool for providing solutions to pfob-
lems involving probability as well as for problems of a deterministic
nature. The availability of sequences of numbers which appear to be
drawn at randem {from particular probability distributioné is a'vitalA
ingredient in the random samﬁling process. Such numbers are referred
to as pseudo-random numbers or, for convenience, simply as random num-
bers. This paper is concerned with the rapid and accurate generation
of such numbers in a stored computer program.

The use of random sampling to estimate distribution functions origi-
nated with Student [17] in 1908. At that time and for-some time to
follow, necessary random numbers were obtained by drawing cards from a deck,
counters from an urn, or by rolling dice. Such processes ;re very
slow and make it quite difficult to insure'randomness.

‘ To facilitate the use of random nqmbers large tables of random'digits
were compiled. The first such table, publishcd.by Tippett [19] in 1927,
cénéisted of 41,600 digits taken at random from census reporis and com-
bined into 10,400 four digit numbers. The requircment for a larger set

of numbers led to the publication of 100,000 random digits in 1939 by

Kendall and Babington-Smith [7]. Thesce digits werc generated by means of

R
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a mechanical process and were the first to be so produced. Kendall and
Babington-Smith are also responsible for developing many of the tests
frequently applied to séﬁuenccs of random numbers (5,6). Other such
_tables have since been constructed, primarily by the use of phyéical
devices,'culminating in the most extensive, "A Million Random Digits
with 100,000 Normal Deviates'" published By,the RAND Corporation [15] in
1955.

The use of a physical device for the generation of random numbers
on line with a computer is both expensive and difficult to maintain. The
storing of a table of random numbers on magnetic tape or on cards is also
an unsatisfactory method of generating numbers for use in a computer.

This would necessitate the use of an input device; also the time required
to read in the numbers would be excessive.

The development of arithmetic procedures for the generation of ran-
dom numbers beéan in the 1940's with the int?oduction of computers. The
first such procedure was suggested by von Neumann and Metropolis in 1946
and is described in [4]. It was also during this time that calculations
involving random numbers received the picturesque name "Monte Carlo." The
"middle-square' method proposed by von Neumann and Metropolis is simple,
fast, énd requires only an initial starting value. In this procedure each
new number is produced by taking the middle n digits of the square of the
ﬁrevious\n-digit number. As pointed out in [4] and in [16] the sequence
of numbers produced using this method sooner or later degenerates to a cy-
cle which often is very small, and at worst consists of'only a single num-
ber. In addition some of thc statistical tests performed on samples gen-
erated by the middle-square procedure have resulted in fajilures.

Improvements on the von Ncumann method are plagued by similar difficulties



{2] and [20].
Of the various arithmetic procedures sequences of random numbers

with the best statistical properties and longest periods are generated

. by means of the congruence relation

X 4 =23° X tc -qRod m). (1.1)

The representation (1.1) is termed the mixed congruential method. The
multiplicative congruential method is defined by taking ¢ = 0 in (1.1)
Lehmer {8] is credited with the invention of the multiplicative method.
In their very informative survey Hull and Dobell [3] préscribé conditions
for a, m, ¢, and xg¢ which insure maximum period. Other procedures for
the genration of random numbers based upon reduced Fibonacci series [21]
and upon transcendental numbers [3] are igferior to those based on the
congruence rclation {1.1) (See [4]). In {9] MacLaren and Marsaglia
present a table look-up scheme which seems to offer some promise.

Raﬁdom numbers generated by arithmetic procedures are not "truly
random' in that the entire sequence is determined in advance and can
be reproduced simply by using the same starting value, X5. The
statistical behavior of sequences.generated by both the mixed and
fhultiplicative congruential methods is quite good, and, in fact,
nﬁmbers genrated in this fashion do appear to be drawn at random from

the uniform (0,1) distribution

f(u) = 1, O<u<l. (1.2)

The reproducibility of scquences is an advantage in debugging and in

certain calculations it may be desirable to reproduce a given sequence.



Bargmann [1] has provided a procedure for the gencration of indepen-
dent uniform (0,1) random numbers on a binary computer. This proce-

— —_—

dure, which is a form of the multiplicative congruehtial method, is defin-
ed by L

- . 32
U, @ un(mod 234) . (1.3)

where a is chosen such that a + 1 and a - 1 end in as few zero bits as
possible. This is insured by requiring that neither a - 1 nor a + 1 be
divisible by 2k for k = 3,4,.... Choosing a as an odd power of 5
determines that the low order 3 digits will be 1253 and neither 124 nor
126 is divisible by 2k for k = 3,4,.... Hence, a.= 513 ijs a reasonable
choice. This procedurc renvives that ug, the starting value, be an.
odd positive integer.

The use of this procedure results in a-very fast computer program
requiring only 3 operations: load, multiply, and store. A description
of-the usage of this program along with time and storage requirements
is given in Chapter 6 of this paper. Results of stagistical tests
performed on this procedure are presented in Chapter 5, and a listing
of the program is given in Appendix A. |

The preceding discussion bas dealt only with the generation of
random numbers which appear to be uniformly distributed. 1In principle
it should be very easy to obtain any other distribution from tﬁe uni-

form distribution, rcquiring only a solution to the equation
u = F(y) (1.4)

for y, where u is uniformly distributed on the interval (0,1) and F is the



required cumulative distribution function. When the inverse of F is

known, as for the exponential distribution, this is a simplec matter:

y =-In(u}. » (1.5)

However, the evaluation of the 1ln function may be somewhat time consuming.

An alternative approach might be to storec a value of y for each possible

value of u based on the relation

’ : y = Fl(u). (1.6)

To generate y, simply generate a uniform (0,1) random number u which will
determine the location of a stored value of y. Let u be givea to 8
digits and let 3 be the base of the number system in which the digits
are represented, then for this procedure a total of Beistoragc lJocations
are required.

Various approximations have been proposéd for the normal distribu-
tion. Most of these involve taking the ‘sum of a fixed number of uniform
(0,1) deviatcs or the use of Chebyshev approximations [14] or a combi-
nation of the two [18]. Such approximations frequently lack accuracy
and are either slow or space consuming.

- The procedures suggested by Marsaglia et al. in [11],[12], and [13]
for transforming uniform (0,1) random n&mbcrs to random numbers
having other distributions are superior to any encountered. They are
fast, require minimal space, and arc simple to program. In addition
these procedures are completely accurate; the precision of the rcsult‘
is dcpendent only on the word size of the computer. Thesc procedures

along with programs and results of statistical tests arc presented in

dctail in this paper.



CHAPTER 2
"GENERATION OF DISCRETE RANDOM VARIABLLES

IN A COMPUTER

Let Y be a discrete random variable with point probabilities
p; = Pr(Y = yi) for i = 1,2,.... The direct way to generate Y in a
computer is to gencrate a uniform (0,1) random number u and put Y = Y
if pr v pp + ...t Py_y < ﬁ SPL* P2t .. *ps. _However, techniques
based on this method lead to complicated programs that are excessively
time consuming.

An alternative mcthod proposcd by Marsaglia [11] is simple to
program and requires minimal time and storage. Let p; for i =1,2,...,
n be expressed by k digits as p; = L8138 ... Sgj. If the domain of
the random variable is infinite, the probability distribution must be
truncated 2t some P,y The fastest method for generating Y is as follows.

Let 8 be the base of the number system in which the Gji's are repre-
sented. In memory locations 0 to (Sk—l) store 811671833 ... Sx1 Yi's,
61062, ..: 6k2‘ yz'é, cees S1pdap +ve Sy Yp's. If uis a uniform (0,1)
random number, u = .dydy ... di, look up the number in location didz... dy
and let that be Y, : i

Though this may be the fastest methed, it clearly requires an exes-
sive amount of storage space. CLven if the pi’s are truncated to four

digits, 8" memory locations will be required.
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Marsaglia [11] suggests a technique that offers a considerable re-
duction in storage space with very little sacrifice in execution time.

For convenience assume that the pi's are truncated to four digits. We

have the following situation:

Value of Y Probability
Yy RPPLIRLESLI
Y2 ) 6126225326a2
"n ) 61n62n63n61m'
Define
—r n °
Po = 0, Pr = 8 '2 Gri .(2.0.1)
i=1
for r = 1,2,3,4, and
s n
.= 2 Z4,, {2.0.2)
M B W U5 U0 L
for s = 1,2,3,4 and iy = 0. Scgment memory locations 0 to (M,-1

into four mutually exclusive scts such that set 1 consists of locations

0 to (If;-1), set 2 comprises locations ji, to (n,~1), and in gencral

the sth set occupies memory locations ns-l to (HS—I) for s = 1,2,3,4,

In each set s for s = 1,2,3,4 each Yy is stored in 551 locations for

i=1,2, ..., n, atotal of I_ -1 locations.

S 5-1
4 n

quirement is then I, = & L Sji locations. Now choose sct 1 with
j=1 i=1

The total meomory re-

probability Py, set 2 with probability P,, ser 3 with probabiltity P4, or

e i e i i+ mm e+ -
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set 4 with probability P, Having chosen a set, select at random a loca-
tion within that sect; the number occupying that location is the desired
random variable,

This procedure gives the required discrete distribution, as can be

seen by defining:

ri ri

£
#
-5
~~
H ™~ 3
On

fori=1,2, ..., nand r = 1,2,3,4. Thus Qg is simply the probability
of choosing Y3 from set 1. Then the probability of generating Y = Y4 is

4 4
Lo 8 = D B8 = 858,088,
= r=1
which is the probability P(Y = yi).

In order to select the proper set and location within that set,
generate a uniform (0,1) random variable u = dyd,..., and let A{j}

denotc the contents of memory location j. Then if

s-1 [
z Pr Su< g Pr
r=0 r=0
put
s s-1
Y=Aldd, vood o+ -8 1 P h
r=0

The following example illustrates this procedure. The hexadecimal
(B=16) number system is used as it is the representation of the IBM

360/65,

et A by ks o




and

po"

0.E

0. 1F

0,00F

0.0010

0.A000
0.3800
D.14A2
0.0F50
0.0202

0.020C
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2 6
M, = £ £ &, =2D
j:l i=1 j1 — —
36 ‘
My= T I 6. =3C
j=1 di=1 J
4 6
My, = I b G.i = 4C.
j=1 i=1 4

The four sets are stored as follows:
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A - TKBLE

} SET 1 SET 2 SET 3 SET 4
Loc. Con. Loc. Con, Loc. Con. Loc. Con. Loc. Con.

) 0 0 E ) 1E 3 2D 2 3C 2

1 0 F 1 1F 3 2E 2 3D 2

‘2 0 10 1 20 3 2F 2 36 4

3 0 11 1 21 3 30 2 3F 4

:-‘ ?: 7 4 0 12 1 | 22 3 31 2 40 5

| ‘ ; 5 0 13 1 23 3 32 2 a1 5

; % | 6 0 14 1| 24 3 33 2 427 s

3 7 0 15 1 25 3 34 2 43 5

.‘ | 8 0 16 2 26 3 35 2 44 5

B 9 0 17 2 27 | 3 | 36 2 | 4s 5

| ' A | 18 2 | 28 3 37 3 46 5

B 1 19 2 29 4 38 3 47 5

c 1 1A 3 24 4 39 3 | 48 5

D 2 1B 3 28 5 3A 3 49 5

1C 3 2c | 5.3 |3 4A 5

1D 3 4B 5

TABLE 2.1
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To generate the desired random variable, let u = .d)dy ... be a
uniform (0,1) random number and let A{j} denote. the contents of memory

location j and proceed as follows:

1) 1f 0 Su < O0.Eput Y = Ald;)}

2) If 0.E0 < u < 0.FF put Y = A{d,d, - D%}
3) If 0.FFO < u < 0.FFF put Y = A{dyd,dy - FC3}

4) If 0.FFF0 < u put Y = A{d;d,dsd, - FFB4}.

Examples:

Uu=0.2170 ... Y = A{2} = 0

u = 0.EF10 ... Y = A{EF-D2} = A{1D} = 3

u = 0.FFFE ... Y = A(FFFE - FFB4} = A{4A) = 5,

In this example 4C(16) memory locations are required as compared to
16" memor locatiens for the fastest method. Suppose the times for cer-
Y PP

tain operations in the computer are:

Operation _ Time
Compare two integers _ P
Subtract two integers S
Look up an addressed location : ' L

Then the fastest method for generating Y requires a total time of P+ L

and 16" nemory locations, In the example presented only 4C(16)memory

locations are required and an average generation time of




0.+ (P+ L)+ O0F« (2P+S + L)+ 0,00F +« (3P +S+ L) + 0.001

« (3P + 8§+ L) =1 P+ 0.20 « S+ L

ey (16)

A schemacic for storing the four sets of discrete variables and

L]
the subscquent generation of the desired random variables is presented in

figure 2.1.
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FIGURE 2.1

Flowchart for the Cenecration of Random

Numbers from a Discrete Distribution

P is a vector of probabilities (pi = 8

613823835+ ++)
3

Y is a vector of the corresponding discreto variables {integer mode)

n is the number of elements in P and in Y.

B is the base of the number system in which the éij's are represented
(for the 360/65 8 = 16, for a decimal machine 8 = 10).

LGT is the maximum length of the A-Table. If LGT is excceded, the table
loading process ceases and N3 is adjusted (since NS was calculated on the

basis that loading would be complete).
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CHAPTER 3
GERERAL TECHNIQUES FOR THE GENERATION
OF PSEUDO-RANDOM NUMBERS HAVING A

CONTINUOUS DISTRIBUTION FUNCTION

Certain techniques of a rather general nature are used in some of
the routines described in this paper. They are especially well suited
for use in very fast computer programs. The principle of each technique
is described below and reference will be made to these techniques as they

are used in the specific generator programs.

3.1 The Composition Technidue
The fundamental procedure used for generating psecudo-random numbers
from a continuous probability distribution, as suggested by Marsaglia
[10]}, is based upon a decomposition of the density function f into a

mixture of 3 densitics:
[} N .
£() = prg;(8) + pops(t) + pags(t) : .1.1)

where p; » pp > p3, P13 ¢+ P2 + p3 = 1 and py is very close to 1.
A rardom number {rom f(t) is obtained as either a number from

gi1{t), from go(t) or from g4(t) with respective probabilities py, pz, pas

Consider a density f(t) defined from all t > a {(figure 3.1).
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£(t) \

ir—

a b t ’

FIGURE 3.1

The density g;(t) is rcprcsentod by the.rectangles, app}opriately
standardized, including the shaded upper portions, and is defined for

a <t <b. The wvidth of the rectangles is 4, a quantity whose value

is dictated by the nunmber system used within the computer. For a binary
machine using hexadecimal arithmetic, 4 = 0'1(16) = 0‘0625(10)'

The total area represented by.the rectangles is p; which clearly is

very close to 1. The density gp{t) is represented by the "triangular®
regions, appropriately stundardi;ea, lying beleow £{t) and above g;(t);

and is also defined for a < t < b. The total area occupied by the

"triangles" is p;. The density g;3(t) is defined for t > b and represents

st

3
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the tail of t(t). Its arca is pj.

Random variables having density pg1(t) may be rapidly generated as

follows:
Define
' N = (b-a)/A (3.1.2)
and .
t, =a + (i-1) « & for i =1,2,3, ..., N. (3.1.3)

1

Now assign each discrete t.a probability

Pyo= s £t 1) = 6,06, e, (3.1.4)

The Pi‘s are simply the areas of the individuzl rectangles comprising
gi1(t). Based on (say) the high order 4 digits of the Pi's store the
discrete t,'s in a table according to the technique described in

Chapter 2 of this paper. Thus to generate a random variable Y from this
portion of g; (unshaded in figure 3.1), generate a uniform (0,1) random

number u = .dyd; .... If

L S B4

R PR AE T

then allow the 4 high order digits of u, d)d,d3dy, to locate a particular
t from the discrete table, as described in Chapter 2, and

set Y = ti + A ¢ (.dedg...).

Random variables from the residual of g, corresponding to the re-

maining digits of the Pi's (.00005_.6_....) and represcnted by the shaded

51 ¢i°

region in figure 3.1, are generated according to the following scheme:
Let N, tys and Pi be defined as before (3.1.2), (3.1.3), and (3.1.4);

and define:

e b e i s s bt
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By = 08)46,3%5316,; : 4 _ (3.1.5)
{area of the unshaded portion of the ith'}ectangféj,
= P - -: )
Ri Ii Hi E (3.1.6)
{area of the shaded portion of the ith rectangle),
T, = Flty,) - F(t) - Py (3.1.7)
where
t.

N |
P(ti) = fa f(ti)dt.
(Ti is the area of the "triangular' region above the ith rectangle), and

H (3.1.8)

(total arca occupied by the unshaded rectangles). It is obvious from

the above definitions that

N
P2 = b Tl » (3.1.9)
i=1 R
N
py = IP , and - (3.1.10)
i=1
'
. N
Py - p! = IR,
1T LN - Gaan

(See(3.1.1) for the significance of p; and p,). Now store the t;‘s in

N consccutive locations, The order in which the ti's are stored is not

*
important . However, for convenience let D(1) denote the t-value occupying

- >
They may be overlapped with the previously stored t-values in order
to save STOrdge spuce.

an
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the first location, D{2) deneote the t-value occupying the second loca-

ticn, etc. For cach t define a pair of values C(k) and B(k) as follows:

c@y = p} + R[]I, (3.1.12)
B(K) = C(K) + T[D(K)], and (3.1.13)
Ck+1) = C(k) + RID(k+1)] (3.1.14)

’

for k = 1,2, ..., N. R[D(k)] and T[D(k)] denote respectively the area
of the rectangle residue (shaded in figure 3.1) and the area of the
"triangular" regicn corresponding to the t-value occupying location

D(k). It is apparent that .
B(N) = p, + p,. (3.1.15)

If u is a uniform (0,1) random number such that pl < u < p; +p,,
a random variable Y is generatcd from either the rectangular residues

of g, or the "triangular'" regions of g, as follows:

If B(k-1) < u < C(k) then generate a new uniform (0,1) random number

v and set Y = D{k) + & < v. A random variable generafcd in this fashion
will have the deasity represented by the shaded‘rectangles in figure 3.1.
If C(k) £ u < B(k), then the random variable Y must be generated from
the “triahgular” density of g, corresponding to the t-value occupying
location D(k). The method used depends upon the particular function

f(t). The same applies for random variables from gy for t » b.
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The techniques used for the expenential and normal densities will be
- described subsequently.
Since p; is close to 1, most of the time a random variable from

g1 is generated. Though g and g3 may be complicated and require longer

running time, the average time per generation is small since they must

be handled so rarely,

’ 3.2 The Acceptance-Rejection Method

Consider the density h(t) defired on the interval (£g,£3;). See

figure 3.2, Now if u,v is a pair

Y

b 4 £y t

S o
. : FIGURE 3.2

of independent uniform (0,1) random numbers, x = £g + u + (£;-£y) and

y = v * ¢ will have uniform densities on (£p,£;) and (9,c) respectively.

Suppose that y < h(x). Then the conditional distribution function of x

is given by

x h{1) X

PIX<x | Y<hx)] e« fgo /U dydt = fgoh(t)dt. (3.2.1)
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Conscquently the conditional density of x given y :_h(x) is h(x).

When a pair of independent uniform (0,1) numbers, u and v, are
generated and the resulting x and y satisfy the inequality y < h{x),
X is then a required random variate from h{x). Otherwise the pair is
rejected and a new pair is generated and checked. It is clear that
the incquality will be satisfied with a high probability only if the
value ¢ » {£;-52) is close to one. If not, the procedure will produce
la large proportion of inadmissable [u,v) pairs and reduce the efficiency
of the scheme. Even when this proportion is small, the time required
to check y < h(x) is generally rather long compared with that of the
table look-up procedures., Consequently, the acceptance-rejection
method is best used for gencrating those infrequent values from the

“triangular' and tail regions described in section 3.1.

3.3 Generestion of Numbers with a Triangular Density
Let u and v be independent uniform (0,1) random numbers. Then
T = min (u,v) has the distribution function

" G(t) =1 - P[T>t] = 1 - Plust, v>t] = 1 - (1-t)2, O<t<l, (3.3.1)
and the density function
g(t) = 2(1-t), O<t<l, ' (3.3.2) .

See figure 3.3a. A linear transformation T' = a + bT produces a random

variable with density

(.‘?JN

g(t") = -f; - (t' - a), a<t<a+b (3.3.3)




gt HTRERAyERTETeT T

S RAmTmEReE e

g(t)

FIGURE 3.3(a)

g(t)

 §

a a+b t!

FIGURE 3.3(Dh)
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3.4 The Distributinn of the Minimum of a Random
Number of Uniform (0,1) Random Variates: Some

Special Results for the Exponential Distribution
Let x = ¢ * min(u;, uy, ..., un} where the u, are random indepen-
dent Qniform {0,1) variates, ¢ is a positive constant; ;nd N is a dis-~
crete valued random variable with probability function P(N=n) = q(n)
for n = 1,2, .... Then the distribution function of x can be eiprcssed

as follows:

F(x) = T PIX<x]|N=n]-PIN=n]
n=1 '
= % f1-( - x/c)n] + q(n)
n=1
Fix) =1 - 3 (1-xe)"+qm O<x<c  (3.4.1)

n=1
Now consider thc special case

qm) = /[t e-1)] n

]

1,2,
The distribution of x becomes

, Fx) =l - % (c-x)"/mi(e®-1) = 1 - (e57%-1)/(e%-1)

n=1

| |
F(x) = (1-e7)/ (=) 0 <x=c (3.4.3)

Thus x has the exponential distribution truncated un the right at the

value c.
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If, instead of the probability function given in {3.4.2), N has

the distribution specified by
n Iy
gn) = A /nl(e-1-4) n = 2,3, ..., {3.4.4)

-where A is a constant as defined in section 3.1, then the distribution

function of X becomes

F(x) = 1 - (% 1-84x)/(e™1-8), 0O<x<a, (3.4.5)

i

+

with density

£ = (e 8/ - e Pea)] ,  0<x<a. (3.4.6)

i

This is the distribution function of a random variable from the “tooth"
of the exponential distribution between 0 and A, See figures 3.4(a) and

3.4(b).

-X A
e ~e

1-e " {1+4)

f(x)=

f(x)=¢"

Y
1

0 0

FIGURE 3.4(a) FIGURE 3.4(h)




Figure 3.4(c) shows the density of a random variable from any other such

"tooth" defined by k + A < z < (k+1) + A.

A

\

O

1-¢"2(1+8)

Y

(k+1) A z

FIGURE 3.4(c) °

It is obvious that all such densities are identical, a unique character-
istic of the exponmential distribution. Consequently, a random variable
from the (k+1)St "tooth" is always produced by taking z = k « A + x
where the value k « & 1s chosen by the technique described in section
3.1 and x is genecrated by taking A times the minimum of N uniform (0,1)
random numbers where N has the distribution (3.4.4). Its expected value

when 4 = 0,1 is 2.02 or in general

(16)
A iy A '
E[N] = & + (e -1)/(e"-1-4) (3.4,7)
The same unique 'mo memory' characteristic of the e¢xponential dis-
tribution used above is also uscd for obtaining random variates from

g3, the tail of the exponential density where t > c.

Let Y = W + X where W is discrete valued with probability function
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PIW=w=c -~k =Ac V=a % kx=1,2,3 ..., (3.4.8

A= (1 - eﬁc}/e'c and x is independent of w and has the distribution func-

"tion (3.4.3). The distribution function of Y can be written as
Gly) =P[Y <y =w+ k} =P[Y <we® ]+ P[N=w, X <x] (34.9)

Since the distribution function of W is

PW<w=c kl=AZed Cay . oCK
j=1
the expression for G(y) becomes
Gly) = 1 - e~ W-ed, Ae'wfl-e—x)/(l~eic) =1.- ¢ , (3.4.11)

y=>c¢

This is the requiréd distribution function for variates from the density
¢’ truncated on the left at y = ¢. Thus valués of t from g3 in the
exponential case are gencrated as the sum of a discrete variate taking
values ¢, 2¢, 3¢, ... and.a continuous variate from the truncated expo-

nential density on (0,c).

3.5 Gencrating Numbers from a 'Nearly Triangular’

Density: Application to the Half Normal Density

The results of this scction are applied to the half normal density

142
£(t) = JI7T &

0<t < (3.5.1)




29

for the generation of random norm:: deviates to be described in chapter

4, Consider the concave and conve riangular densities (members of gj)

depicted in figures 3.5(a) and 3.5(b). -

A L
, ‘

e 2

! FIGURE 3.5(a)

ey

X s+C

| mﬂ“ it

s+C

g FIGURE 3.5(b)

t

W

The parallel chords and tangents enclosing £(t) are determined by con-
‘struction as indicatcd in the figures. In both cases, the inner right
triangle.reprqscntg most of the area under the density F(t). This will
be true in general as long as the ratio a/b is close fo one. A random
variate from the density represented by this triangle is generated as
described in section 3.3. Infrequently, a random variate from the shaded
arca must be generated by the acceptance-rejection technique described

in scction 3.2. Marsaglia et al. [12] have combined these two procedures

as follows,
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- 1} Generate independent uniform (0,1) random variables u and v.

-

1 2) 1f max(u,v) < a/b, put t = s + ¢ * min(u,v)

A : 3) If not, test blu-v| < £(s + ¢ * min(u,v)).

3 ? ‘If yes, put t = s + ¢ * min(u,v).

i; If no, go to step 1 and try again.

; 1 ' In order to show that this procedure produces a variate t with the re-
quired dencity, we conveniently take s = 0 without loss of generality
and proceed as follows.

Define
f m = min(u,v)
i; M = max{u,v)
1 ) X=c¢c'm
y = b(M-m) = b(u-v) - (3.5.2)
Then the pair (x,y) is uniformly distributed over the triangle in figure
1 3.5(c)
f:! 1‘
b
b4
i]* 0 c x
3 !j

FIGURE 3.5(c)
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To verify this, consider the joint distribution function of ¥ and Y.

F(x,y) = P[X ik, Y <y} =Pln < x/fc, M-m< y/b)

This is just the area of the cross hatched region in figure 2.5{d) which

is seen to be

F(x,y) = 2 = (y/b) » (x/e) = 2xy/bc , O<x<c , (3.5.3)

A O<y<b .

elx TP

Y

FIGURE 3.5(d)

Thus, (x,y) is a point randomly chosen from the larger triangle in figures
3.5(a) and 3.5(b). By the acccptancc«réjection'tcchnique, if this point

falls within the smaller tfiangle of figures 3.5(a) and 3.5(b), the value

x = t has the triangular density -bx/c + a. Now the condition max(u,v)

< a/b is equivalent to:
bM < a

b(M-m) < a - bm = -bx/c + a

=

g
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or

y < -bx/c + a , (3.5.4)

which means that (x,y) falls in the small triangle. If this condition
is not satisfied, a sccond cheek is made to determine whether the point
(x,y} falls within the shaded arca betwa'n f(t) and y, in figures 3.5(a)

and 3.5(b). If so, then clearly
y=bM-m)=blu-v] <fx) =flc* mnu,v)) (3.5.5)

as required by the sccond test. The acceptance-rejection principle in-
sures that every x value passing at least one of these two tests will

have the density f(t). The first test is rapidly made; the second test
involves evaluation of f(x) and is time éonsuming. The first test will

be passed with a probability
P[M < a/b] = (a/b)?

as given by the distribution function of M = max(u,v). It is therecfore
desirable to have (a/b)2 close to 1 to achieve a short average exccution

time. This will be the case if f(t) is 'nearly triangular."

For the half normal density the ai/bi ratios are obtained as follows.

Casc (a) "Concave Triangles" (Sec figure 3.5(a)).

lett. =1 *¢c=5s
i

ti T (i+l)c = s + ¢, i=0,1,2, ... (3.5.6)

L]
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The equation of the chord and the tangent are respectively:

y, = - bi( s)/e ¥’Bi -

y, = - bi(x-s)/c +a . (3.5.7)
The value of bi is clearly
bi = f(ti) - f(ti+l) = f(s) - f(s+c) (3.5.8)
The slope of both lines, - bi/c,.must equal f'(ii). Thus
: -Lx2 - )
-bi/c = -~ ¥Y2/7 x;e 7= . Xif(xi) - (3.5.9)

This equation must be solved iteratively for X, the abscissa of the
point of tangency. Finally, this value is substituted into the tangent's

equation to give

f(ii) = f(ti+l) = (- bi/c)(ii-s) +oa,. (3.5.10)

Substituting the expression for b /c and solving for a gives
i :

a; = f(ii)[l + Xi(2i~s)] - f(s+c).. (3.5.11)
Conscquenfly for "concave triangles"

a;/by = [£(x){1 + %;(%;-5)) - £(s+c))/[£(5) - £(s+¢)] (3.5.12)

Case (b) '"Convex Triangles" (Sec figure 3.5(b))
In this case the point of tangency occurs at the end of the inter-

val where X, = t.Hl = s + ¢, The slope of both lines is given by

- by/c = ' (s+0)
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or b = - cff(s+c). (3.5.13)
The value of ay is simply
f(ti) - f(ti+l) = f{s) - f(s+c).
Conscquently, for'”canvoﬁ trianglest
ai/bi = [f(s) - T{s+c)1/[- cf'(s+c)] (3.5.14)

3.6 Generation of Randon Variates from

the Tail of the Half Normal Distribution
The procedure suggested by Marsaglia et al. [12] for the generation
of random varigtes from the tail of the half nommal distribution is based
on the rejection principle described in section 3.2. The procedure is to
gencrate a pair of independent half normal variates xj3 and Xy such that

the point (z;, x,) lies outside the quarter circle (see figure 3.6(a)).

a (-n,ﬂ)

A
A 1

FIGURL 3.6 (a)
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This is done by generating pairs of uniform (0,1) random numbers U,
and 1, until 0 < uf +ul <1 and sctting
" x) = Ya? - 21n(u§ + u;) . /uf/(uf + ugj (3.6.1)
L
x, = Ya® - 2In(uf + uy) = Yui/(u] + ud) (3.6.2)

To show that the point (x;,x,) lics outside the quarter-circle, let
w =~ In(uf + u%] where 0 < u? + u% < 1. Then take the sum |
x? + x2 = a? + 2w where 0 < w < = so that k% + i% > a%?. If the point
(x1,x2), generated in this fashion, lies within the square (figure 3.6{a)),
it is rejected and a new pair of uniform (0,1) random numbers is generated
and tested. Otherwise the variable, x; or X;, whose value exceeds a is
taken as the required random number, |

In order to show that this procedure produces the desired result,

let u and u be a pair of upiform (0,1) random numbers conditioned by

0 < u% + ug < 1. Then the joint density of uj and u, is

fuj,up) = 4/m, 0 <u <1, O0<uy <1, 0<u?+u?c<il.

1
(3.6.3)
Now define:
X = uf + ug, 0 <X <1, and , (3.6.4)
Y = uy/uy, 0 <Y < o, k3.6.5)

Then the probability distribution of X is

F(x) = P(X < x) = (7« x/0)/(x + 12/4) = x (3.6.6)
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and the density of x is
f((x) =1, 0<x <1, (3.0.7)

Conscquentiv X is uniform on (01). The joint density of X and Y is:

gOoy) = £0,v) » (3] = (/M [1/200+y2)] = 2/n(1ey?) = g () - g ().

(3.6.8)
Hence X and Y arc stochastically ivdependent. Substitution of {3.6.4)

and (3.6.5) into (3.6.1) and (3.6.2) yields:

x, = val - 21nx « YI7{1+Y9) (3.6.9)

X, = va‘ - 2InX « AZ/(1+Y7). (3.6.10)

The inverse transformation is:

L(X24X2-22 :
= o A(X(¥X5-a%) (3.6.11)

X
Y = X,/X, (3.6.12)
The joint density of X, and X, is given by:
f(xlsxz) = glx,y) - IJI
: ' ‘ -
. ~Lfx24x2-32
e [2/r(1ey?) [(Ley2) + @ EXYTRGmET)
N _!,x"_ e =ty @ 2 .
= (VAT e (VT oGy (88 i (3.6.13)

a® j_xf + xé < w

Clearly x, and x_ are independent random variables from the tail of the

half normal distribution (.\'l,x2 > o).

i
I
|
|



CHAPTER 4
GENERATION OF PSEUDQ-RANDOM NULMBERS FROM THE
EXPORERTIAL, GAMMA, AND NORMAL DISTRIBUTIONS

Before prescnting the procedures for the generation of random numbers
Qrom the exponential, gamma, and normal distributions, a simple example
is given demonstrating the use of the techniques discussed in Chapter 3
for obtaining random variates from any continuous distribution defined on
a finite interval, In the interest of clarity all numbers are expressed

to the base 10. Consider the distribution defined by

]

Ely) = (7/2)(3-y2) 0 <y <1 (4.0.1)

with density
£

D
-

(3/2)(1-y*) 0 <y <1, (4.0.

Using the composition technique prescnted in 3.1, £(y) is represcnted as

a mixture of 2 densities (since there is no tail):
£O) = pyg, ) + pog, (y). (4.0.3)

1
ns before, g, is a scrics of rectangles and g, represent: the nearly tri-
£y 8 £, TCP b

angular regions between g, and £.  See figures 4.0(a), (b), and (c).
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g10y)
0 .9
FIGURE 4.0(b)
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]
1
0 y

FIGURE 4.0(c)
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As described in 3.1, define discrete variables

x5 = {(i-1) * A for i=1,2,...,10 and in this example A:O'lilo)' (4.0,4)
Now assign cach x; a probability Pj as follows:
Pi = A e f(xi+1)' (4.0.5)

Now define a value Ti as given in {3.1.7), the areca of the triangular

t .th
region above the i~ rectangle:

T, = F(xg,) - FOxp) - Py {4.0.6)

These values are recorded in table 4.0,1. At this point it is obvious
that the values of p; and p,, defined in (4.0.3), are p; = 0.9225 and
pa = D.0775.  Next, the four sets of the discrete values are stored,

based on the high order of digits of the Pi's.

e A A B e oA b e 8 A i 848§

e S g

i n '/).‘._«aﬂ‘/-\"k-ﬂh’d‘ﬂ‘lw
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P

1°0°v 21avl

$££0°0 . 0T 522670 Te301
SPI0°0 $10°0 00000 5°0
0ST0"0 S10°0 $320°0 80
ST10°0 $590°0 0rs0To L0
001670 $980°0 S9L0°0 9°0
$200°0 SHOT0 0950°0 $°0
0£00°0 SGT1°0 STIT 3 0
$500°0 SIST 0 09z1C €0
0800°0 S0¥1°0 S9E1°0 270
$200°0 SopT70 0F5170 170
010070 S6YT°0 S8Y1°0 070
- Moa- Mhoa= R (g - (g (" .t fx
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Since the Pi's have only 4 digits, application of this technique will
account for all of g, and there is no rectanpular residue in this simple
_example. Since the composition of these 4 sets is constant (the distri-

~ bution is parameter free), the scts may be overlappud and considerable

, Storage sbace‘savcd. Looking at table 4.0.2, sct 1 occupies locatlons

2 through 6, set 2 occupies locations 4 tarough 40, set 3 occupics locations
18 through 67, and set 4 occupies locations 46 through 70. Locations 0
through 9 arc also used for the gencration of variates from g, , as de~

scribed subscquently.

TABLE 4,0.2
A-~1nBLLE

Loc Con [lToc Con{loc Con {Loc Con {Loc Con {Loc Con {Loc Con
0 0.9} 10 0,01 20 0.7 | 350 0.5 | 40 0 50 ¢, 60 0.

(73]
tw

1 ]J0.8¢11 10,6121 §0.7131 $0.3}41 ] 0.8)51 | 0.6j)j61 | 0.2

610 16 } 0.51206 } 0.51 30 0.1 146 } 0.8}%0 | 0.4]j0606 | O

7 00,7117 10,2127 1 0.5)37 [0.11]47 10,8357 | 0.4(67 {0
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As presented in Chapter 2, define:

10
Q=0 Q =107+ 5 (4.0.7)
T . 1
. : i=1
“and r 10 .
no =&, M =I I §. forr=1,2,3,4. (4.0.8)
: j=1 i=1
.
Using the above definitions define:
] . X ‘
§,= 0, 8 =100 IQ (4.0.9)
r=1
and
N, = Ty - 10 - Sy-1 for k=1,2,3,4. » (4.0.10)
The Nk's are identical te the quantity '
¢ S
Mg, +8 * L P
r=0

in {2.0.3). Because ¢f overlapping between the four sets, the Nk‘s
must be adjusted. Their values and the values of the Sk's are recorded

in table 4.0.3.




P

S-TABLE

-3

S-TABL

‘

1§

Loc

[FETN N R SO

Con

5

87
920
9225

Loc

8 B S R T =)

Con

-46
-252
-9154

Table 4.0.3
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The procedure for gencrating random numbers from gy is:

1) Generate a uniform (0,1) random number u = 0.djds....

2) If dy < $(1), set ¥ = A{dy + NCTJ} + 0.1 ¢ (.d5d6;..);
otherwise go to (3). .,

3} If d;dgg < §(2), set Y = A{dyd, + N(2)} + 0.1"‘- (.dsdg-..);
otherwise go to (4).

4) If dydyds < S(3), scet ¥ = A{djdpdy + N(3)} + 0.1 » (.dsdg...);
otherwise go to (5).

5) If dydydady < S(4), set Y = Ald dpdady + N(4)} + 0.1 + (.dsdg...)s
otherwise gcneraté a random variate from g2.

In order to gencrate random variates from g., define:

C{1) = 5, + T[A{1)] and (4.0.11)

Ck+1) = C(X) + T{A(k)] for k=1,2,...9. (4.0.12)

'_ This is identical to the definition given in (3.1,13), except that in

this example there is no rectangular residue. The notation T[A(k)] denotes
the area of the triangular region (the Ti's in table.4.0.1) corresponding
to the discrete value stored in the kth location of the A-table (Table
4.0,.2), The values of the C(k)'s are given in table 4,0.4, If u is a
uniforn tO,l) random numher such that u > Sy, the proper triangle éf g2
may be chosen simply by testing:

u < C(k) until! the condition is satisfied (note that C(IO):.l'O)
The discrete value occupying location k of the A-table denotes the cofrect
triangle.

Having sclected the proper triangle of gy, a random variate having

the density of that triangle is to be generated, This is accomplished




through the use of the acceptance-rejection principic discussed in 3.2

and the technique given in 3.5, Consider a particular triangle or tooth

- _

from g, (figure 4.0(d)). The tangent and the chord aré constructed as

indicated in $.5 o

FIGURE 4.0(d)

X,
l .
The inner right triangle encloses most of the area under f{x). A random
variate from the density of this triangle is generated as described in
3.3. Occasionally, a random variate from the shaded region must be gencr-

ated by the acceptance-rejection technique. The values of a, bi’ and

di are obtained as follows:

C2T(a/001) = £1(8)) = 3y _ (4.0.13)

where Xg is the abscissa of the point of tangency and

. a; = f(xi] - f(xi+l)' (4.0.14)




I
o

Substituting (4.0.14) into (4.0.13) and solving for Xi yields:
Reo= [flx) - £lxy,)1/0.3 (4.0.15)
The ordinate of the point of tangency is:

vy = £ - £y, (4.0.16)

by =y, + (2, /0.1)(%; - x;) (4.0.17)
The valuc of di may be obtained by noting that:
(ai/O.l) = (bi/di) and hence di = (0.1 bi/ai). . (4.0.18)

The values of ai/bi’ di’ and bi are recorded in table 4.0.4 in the

' R-table, D-tablec, and B-table respectively.

—-——ial L
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C-Table R-Table N-Tuhle R-Table
Loc Con Loc Con Loc Con Loc Con
0 .9370 0 L9870 0 1013 0 .28875
1 . 9500 1 9855 1 L1015 1 .25875
2 .9555 2 .9655 2 .1036 2 .10875
3 .9580 .3 9231 3 % 1083 3 .04875
4 .9650 4 L9730 4 .1028 4 .13875
5 9690 5 L9524 5 .1050 5 .07875
6 9700 6 L8000 6 .1250 6 .01875
7 .9815 7 L9836 7 .1017 7 . 22875
8 9915 8 .9811 8 .1019 8 .19875
9 1. 0000 9 L9778 9 .1023 9 . 16875

Table 4.0.4
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FIGURE 4.0(e)
Flowchart for the Gencration of Random
Variates from

Fiy) = (/D)0 -y, D <y <1

————— e o
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The procedure for obtaining random variates from g, is:

1) Let u be a uniform (0,1} random ngﬂber such that u > 8y,

2) Test u < C(k) for k = 0,1, ..., 9 until the inequality is
satisfied. ' -

3) Generate indevendent uniform (0,1) random numbers ujp and uj.

4) If max{ul,uz) < R{k), then set Y = Ak} + D(k) - min(ul,uz);
otherwise go to (5).

§) If B(K) - Ju, - u,| < fIA(K) + D(X) * min(u;,u,)],

1
set Y = A(k) + D(k) - min(ul,uz); otherwise go to step (3)

and try again,

A schematic of the entire procedure for generating random variates

from the density £(y), given in (4.0.2), is presented in figure 4.0(e).

4,1 Generation of Exponentially

Distributed Random Numbers
Applying the composition princiyle presented in 3.1, the exponential

density function,

t

f(t) =e¢ ", 0<t <=, (4.1.1)

L] - ;.

is represented as a mixture of three densities
£(t) = pyg,(t) + pyg,(t) + pyg,(t). v (4.1.2)

As before, g, is a series of rectangles defined for t < 4, g, renresents
the toothlike regions between g, ond f defined for t < 4, and g, is

the tail of { for t » 4. The probabilities p,, p,, and p, arc respee-

1)
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tively the areas represented by £y €y and £y
As described in 3.1 o random variable Y having deasity g, 1s gencrated
as follows:
Define
M = 4/4, where A = 10_l for a decimal machine or A = 16"1 for a
binary machine; and discrete variates (4.1.3)
t, = (i-1) = &8 for i = 1,2, ..., M. {(4.1.4)

Each t. is assigned a probability

P. =8« £(t,

; ) Bt e = 6.8 .6 ..., (4.1.5)

‘11721 31

Now, using the high order 4 dctal digits (biqary machine) or the high
order 3 decimal digits (decimal machine), store the ti's according to the
technique described in Chapter 2. As in the case of the example given in
the beginning of this chapter, the scts of discrete variates are stored

in the manner that permits maximum overlap. See the D-table in the pro-
gram listing of GENl in the appendix; set 1 occupies locations 49A thru
4BE, = 2 occupies lncations 40C through 4AC, and set 3 occupies locations
37D through 453, Locations 374 through 3B3 are used for the generation

of variates from £, and the residual of g, as described in 3.1.

At this point define:

M
_oatT
Q =0, Q =5 R (4.1.6)
1=1
r M
My =0, 0=t L6, forr=1,2,3,4 (4.1.7)
j=1 i=1

for binary machines where the §'s are octal dipits and ¢ = & or v = 1,2,3
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for decimal machines where the 6's are decimal digits and 8 = 10. Also

define:
K k
5 = 0, Sk = 8+ IQ {(4.1.8)
T
r=1
~and
N =0y -8 s,m_1 for k = 1,2,3,4 (4.1.9)

1,2,3 in the decimal case (8 = 10).

I

in the binary casc (8 = 8) or k
The S-values and the N-values are recorded in the program listing of GEN1
in the appendix. Note that the N-values have been adjusted to allow for
overlap between the sets of the D-table. .

!
The procedure for the generation of random variates from this trun-

cated portion of g, is: (binary case)

1) Generate a uniform (0,1) random number u d.d ....

12

,» S Y = D{dld2 + Ny} o+ A (.dsde...);

2) If d1d2 <5
otherwise go to (3).

3) If did,d; < S, set ¥ = D{d1d2d3 + N3} + 4 - (‘dsds"');
otherwise go to (4).

4) 1f dddd <S , set Y= D{d1d2d3dq + N“} + b8+ (dgd...);

otherwise generate a random variate from the residual of £, Ey»
or £,
Note that in the above procedure the testing begins with §,. This is
because 511 = 0 for all i since 0 < f{x) <1 for 0 < x < 4,
Random variates from the residual of gi and from g, are generated
by first selecting one of the rectangles of £, with appropriate probabil-

ity and then testing to determine whether the required variate should
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come from the tooth or from the residunl corresponding to that rectangle.
This is accomplished as follows:

In M consccutive locations store ecach of the ti‘s once (locations 374
through 3B3 of the D-tablc in the listing of GEN1 in the appendix), For

each ti define a pair of values as given in {3.1.12), (3.1.13), and (3.1.14)

ca) = s, + n.[nu)], (4.1.10)
B(k) = C(k) + T[D(K)] and (4.1.11)
Ck+1) = C(&) + R[D(k*D)]. (4.1.12)
In the exponential case
TR = e PH L ey e PER)HA (4.1.13)

and

R[D(K}] = ‘P[ka)] - S[1,D()18[2,D(k)]8[3,0(K)16[4,D(K)], (4.1.14)

where P[D(k)] is as defined in (4.1.5). The values T[D(k})] and R{D(k)]
denote respectively the areas of the triangular region and rectangular
residue lost upon t£uncation of P[D(k)] corresponding to the t-value
ochupying location D(k). The values of the B(k)'s and the C(k)'s are
also recorded in the listing of GENI in the appendix. A random variate
with a rectangular distribution is generated as described in 3.1, and in
the exponential case a variate having the density of one of the teeth of
g, is generated by the technique given in 3.4, The procedure for gener-
. ating rundom variates from cither the residual of g, or from g, is sum-

marized as follows:




1)

3)

4)

5)

Let u be a uniform (0,1) random number such that
8

Sh Su<p+p, = 1 -¢ .

Test u < B(J) for J = 1,2, ..., M, until thé'inoquality is

satisfied (note BN =1 - e-“} for same J = J'.

If u <« C(J'), generate a new uniform (0,1) random number v and

set Y = D(J') + 4 - v (this produces a numbcr from g,);

otherwise go to (4).

Generate a new uniform (v ! random number v and test
L R

v<Qn)y = £ a'/[ji{e -1~ A)] forn= 2,3,
j=2 .

until the inequality is satisfied for n = n',
Generate n' independent uniform (0,1) random numbers and set
Y = D(J') + & - mi“(ul'uz’ iy un,). This produces a number

from g,.

A randem variate Y having density g, is generated as a sum

where X

Y=W+ K (4.1.1%)
is exponential on (0,4) and W has the distribution

P[W=w=4-k] = c"'k(e" -1, k=1,2, .... (4.1.16)

¢ ’

The procedurc for gencrating a random variate from g, is summarized as

follows:

1y

2)

Let u be a uniform (0,1) randon number such that u > p, + p2'=
1 - ¢ ",

-4 (k+1) . . . R
Test u <l ~¢ for k = 1,2, ... until the inequaiity is

satisficd for some k = k',

kA A

Tt
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3} Set W =4 « k' and gencrare a new uniform (0,13 random number v,

-h

4) Set u } * v and enter the procedure for

H

(py, + pp) *v=>0-e¢

gencrating cxponentially distributed random variates on the inter-

. -4 s :
val (2,4) with u = {1 - ¢ ) ¢« v as the initial uniform number

and generate X,

5) Set Y = W + X,

In [13] Marsaglia presents a schematic and the neccessary constants
for the generation of random variates from the exponential distribution.

Application of this method results in a very fast gencrator program. AS

is evident from the discussion herein the method is also exact; the accur-

acy of the result is dependent only on the word size c¢f the computer.

e

4.2 Generation of Gamma Distributed Random Variates
In order to produce random variates having the gamma distribution,
the following result is used.

If X is a random variable with density

. -X.
1 N
f(xi) =e ~, 0« X; <@ for i = 1,2,

ey N (4.2.1)

then the random variable

i (4.2.2)

kas the gamma density

gly) = (I/F(n))yn'1 eV L 0cy <= (4.2.3)

when the xi's are stochastically independent. Conscquently, the genera-

tion of random variates from the gamma distribution involves on

enly a slaple
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1} Using the methed given in 401, generate n exponentially distributed

random numbers X, x4, ..., X_.
DA n

n

2} Set Y = £ x, {if a scale parameter B £ 1 is desired, set

: . i

: i=]
n
Y=DB-+ ¥ x) ¢

. i
1=1

4.3 Generation of Random Variates

having the Standard Normal Distribution

Using the composition principle of 3.1, the absolute normal density

142
h/zt

£(t) = V2/m e, t >0 (4.3.1)

is represented as a mixture of three densities
£(t) = pyg (1) + pog,(t) + pag,lt). . (4.3.2)

Again, g, is a ser?es of rectangles defined for t < 3, g, represents the
toothlike regions above g, and below f defined for t <3, ead gy is the
tail of the density (4.3.1) defined for t > 3.

Random variates {rom g, are generated by means of the technique given

in 3.1. Define

M = 3/a where & = 107} (decimal machine)

or & = 16 ! (binary machine), and (4.3.3)

discrete variables

t,= (1 -1) -4 fori=1,2, o, M. (4.3.4)

e
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.....

Applying the sterape technique described in Chupter 2, store the t.'s

bascd on the high order 4 octal digits (birary machine)
f § > J

[ ]
Rote that as in the exponential cose

3 decimal digits,

ar

,li

3
i

the high order

= 0 [ur all

i, and that the sets of discrete values arc overlapped (sece the A-table

in the listing of GEN3 in the appendix).

M
—-r .
Q =0, Qr = B R dri
i=1
and rOM
g =0, I_= £ 58 .3
Toy=1 =1 I
also define
K k
Sy'= 0, Sk =B« LQ
r=1 %
and
Ny= ey - B S

for a binary machine r,k =

T,k = 1,2,3 and 8 = 10,

Now define values

(4.3.6)

(4.3.7)

{4.3.8)

7 (4.5.9)

1,2,3,4 and 8 = 8 for a decimal machine,

The S-values and N-values are also recorded in

the program listing of GEN3Z (note that the N-values have been adjusted to

allow for overlap between sets).

The procedure for the generation of random variates from this trun-
I

cated portion of g, is: (binary case)

1) Generate a uniform (0,1) random number u = Sdidol

2) If d1dy < Sp, set Y = Aldydy + Npb o+ 4+ (.dedg...)

otherwise go to (3).

»




58

set Y = A{d,d d, + N3} + A+ (.d

3) If djdd, < Sy, s (dydy

5da...);

otherwisce go to (4).

4) If dyd,d.d, < S,, set Y = Ald,dd.d + N} + A&+ (.d

172737y L 172734 d

5 6...);
otherwise generate a random varigble from g,» By OF the

residual of g, .
- L

Randea variates from the residual of g, and from g, are produced
' by first choosing onc of the rectangles of g, with appropriate probability
and then testing to determine whéther the regwired variate should come
from the rectangular residuc of g, or from the toothlike region of g,.
As presented in 3.1, this is accomplished as follows:

In M consecutive locations store each ti once, and for each ti

PR

define a pair of values as i1 (3.1.12), (3.1.13), and (3.1.14):

C(1) = Sy + R[A(1)], (4.3.10)
B(k) = C(k) + T[A(K)], (8.3.11)
= C(k) + R[A(k+1)]. (4.3.12)

C{k+1)

Note that in the listing of GEN3 this portion of the A-table occupies
locations 690 thru 6BF., However, for convenience it is assumed that
location 690 correspond to A{l1). R[A(k)] and T[A(k)] denotc respective-
ly the arca of the rectangular remnant and the area of the toothlike
region corresponding to the t-value occupying locatien A(k). For the

normal case:

R{A(K)] = PIACK)] - .S[1,AK)]E[2,A(R) 18 [3,A(K)]6]4,A(K)] (4.3.13)
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where P[A(X)] is defined in (4.3.5) as

PIA(K)]

I}

Ao EALK) + A) = 8« VEM e-’:z‘v(/\(k)w)z

it

S{L,AKY IS, AT, o, (4.3.14)

and
: TIAK)] = F(A(K) +2) -~ F(A(k}) - P[A(X)] {4.3.15)

where X

~Lt?
F(x) = vV2/« JO ¢t

dt (4.3.16)
Once having determined whether a variate with a rectangular density (gl)
or a variate with a toothlike density (g,) is requifed, the schemes
given in 3.1 and in 3.5 are used to produce tﬁe variate as required. This
procedure is summarized as follows:
1) Let u be a uniform (0,1) random number such that S < u < P, *p, =
. F(3). |
2) Test u < B(k) for k= 1,2, ..., Muntil the inequality is satisfied
for some k = k'.
3) Ifuc< C(k'ﬂ, then generate a new uniform (0,15 random number v
and put Y = A(k') + & * v (this produces a variate from gl);
otherwise go .to (4).

4} Generate independent uniform (0,1} random numbers u, and u,.

*

5) 1f max(ul,uz) < D(k') , set Y = A(k*) + 4 min(ul,uz}. This
produces a variate from g, as dogcribcd in 3.5; othervise go to (6).

6) Set W= -1%( - min(ul,uz) = 8) ¢ {2 < AK') + & min(ul,uz) + 8]

* The O(k}'s arc tabled values of the ai/b. ratios given in (3.5.12)
and in (3.5.14) corrcsponding to the 4 stdred in A{N").
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- W *x
and test Ju, - u,| < E(kK') » (e" - 1) . If yes, set

n

Y = A(k') + A * min(ul,uz). If no go to step (4) and try again.

A random variate from the density £, is produccd by the technique
prgsentcd in 3.6. An absolute normal variable |Y|, conditioned by Y| > 3,
is required.,  The procedure is summarized as follows:

1) Generate pairs of uniform (0,1) random numbers u; and u, until
2+

the condition uf + uj < 1 is satisfied.

2) Form pairs x, and X, as described in (3.6.1) and (3.6.2)

) 1
u, + [{9 - Zln(u? + ug)}/{u% + u%]]’i

X 1

>
it

, 2w, o [(9 - 2m@d « ud)}/{u] + uz}]®

¢

3) Test X, ? 3. If yes, set Y = x;. If no, test x2 > 3, 1If yes, put

—- e

Y = x,. If no, go to step (1) and repeat the procedure.

In [12] Marsaglia prescnts a schematic and the required constants
for the generation of random variates from the absolute normal distribu-
tion. This method results in random variates having the density (4.3.1).

In order to obtain random variates from the standard normal distribution.

]

L2
£(t) = (120 1, L et < w (4.3.17)

a random + or - sign must be attached at some point in the procedure. In
GEN3 this is done by gencrating a uniform (0,1) random number u and testing
u <%, If yes, a - sign is affixed to the variate; otherwise a positive

variate is rceturned.

The nrocodures presented in this chapter derive their speed from the
! p P P

* %

This cxpression is simply an alternative way of testing bilu-v] <
f(AR'Y + 5 - mjn(ul,uz)).
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fact that the vast majority of variates generated come from the truncated
portion of g It requires only the generation of a uniform (0,1} random
number, a series of compare instructions, and a table Jookup. Wwhile

the generation of variates from g5 and g, may be somewhat time consuming,
such variates arc required only rarcly.e Conscquently, that average time
per generation is quite fast., As is evident thesc methods are exact.

Precision is limited only by the word size of the computer.

PROPE L




CHAPTER §
RESULTS OF TESTS PLRFFORMED ON
SEQUENCES QF P5iUDO-RANIIM NUMBERS

5.1 Random Numbers From The

Uniform (0,1) Distribution

The tests perforied on sequences of independent uniferm (0,1) random
numbérs were suggested by MaclLaren and Marsaglia in [9). The stringency
of these tests is justified in that the procédurcs for the generation of
random variates from other distributions depend heavily upon the method
used to obtain uniform (0,1) random numbers.

The tests madé were chi-sqﬁare (x?) goodness of fit tests on the
distribution of the random numbers, pairs of random numbers, tuiples of
random numbers, and the maximum and ninirum of n random numbers.. In
general a sequence-of & variables YI’YZ"f" Y£ was calculated from the
sequence of random uniform variates. The range of the Yi was divided
into m cells of equal probability, p, and the number of occurrences, Oi,

in each ccll counted, The x2 statistic
2 . - . 2 . ) N
X° = I (Oi i p)*/L p (5.1.1}

with m - 1 degrees of frcedom was calculated and transformed to a standard

normyl deviate

T=(@2 xD%-(@2 (m-1)-1)¢ (5.1.2)

SV
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i

for cach test. This form is valid for m > 31. The significance level

. of this normal deviate was then computed as
e

i T - 1.4 2

: : 5= 1, 0/ e ar . (5.1.3)
] In each test a total of 100,000 uniform murbers was gencrated.  For

‘convenicnce the numbers were goenerated in 10,000 sets of 10 uniform

numbers each. Five separate runs were made and the tests perfornied as fol-

% lows:
/ ] 1} Uniformity. The unit interval was divided into 1000 segments.
3 Each segment has an expected value of 100 occurrenées. The x? statistic
was computed as '
» ' 1000
N x2 = ifl (0, - 100)%/100 (5.1.4)

_where'Oi is the number of observed occurrences in the ith segment,

2} Pairs. Successive pairs of uniform numbers were taken as the
coordinates of a point in the unit square. The unit square was par-
titioned into 100 cells, cach with an expected value of 500 occurrences.

The ¥? statistic was computed as

% (055 - 500)7/500 (5.1.5)
. - . .. th
where Oij is the number of observed occurrences in the ij  cell.
3) Triples. Successive triples of uniforn numbers were taken as
the coordinates of a point in the unit cube (every tenth number was skip-

S ped). The unit cube was partitioncd inte 1060 cells with an expected
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value of 30 occurrences in each cell. The x? statistic was computed as

10 10 10
2= £ § =& O, - 3032/30 (5.1.6)
i=1 j=1 k=1 %

S . ... .th
where Oijk is the number of observed occurrences in the 13kt cell.

4) Maximum of n random valucs. If Uy,Uy, ..., uoare independent

uniform (0,1} decviates, then

W = max(u],uz, ey un) {(5.1.7)

should have the distribution
P(W < a) = F(a) = a® for 0.< a < 1, and » (5.1.8)

FOO = [max(u,u,, ..., un)]“ (5.1.9)

should be uniformly distributed over the interval (0,1). A total of
10,000 W's were generated for each n, and F(W) was tested for uniformity

using the x? goodness of fit test for 100 equal subintervals. The x?2

statistic was computed as

100
¥ = § ©, - 100)2/100 (5.1.10)
i=1

)
. . . th .
where Oi is the nunber of observed occurrcnces in the i subinterval.

In this test n takes the values 2 and 5.

5) Mininum of n random values. This test is the same as that for

the maximum of n cxcept

W = min(ul,uz, cee, un) and (5.1.11)

——r - el




10,000 W's were segmented into 100 equal subintervals and the y

and

FW) =1 - (1 -w (5.1.12)

which should be uniformly distributed over the unit interval. The

2 test

computed as in (5.1.10). In this tcsten takes the values 3 and 10,
The results of these tests are reported in Table 5.1.1, The results
compare favorably with those presented in [9] and justify the use of this

particular uniform (0,1) random number generater,




TABLE 5.1.1
» RUN 1
= TEST CliT-SQUARE D.F. - SIGNIFICANCE
3 . UNTFORMITY 975.400 999 0.30186688
= PAIRS §9.6720 99 0.25987495
- 4 TRIPLES 1034,7333 999 0,78918171
; MAX OF 2 97.1800 99 0.46241028
MAX OF 5 80,7800 99 0.09257838
MIN OF 3 109.5200 99 0.77766504
-] MIN OF 10 75.0400 99 0.03713434
1 RUN #2
! TEST CHI-SQUARE D.F. SIGNIFICANCE
] UNIFORMITY 1047.1600 999 0.85902187
] PAIRS 92,8440 99 0.34129536
TRIPLES 1022.4667 999 0.70302930
MAX OF 2 104.4800 99 0.66267689
MAX OF 5 96.9800 99 0.45671365
MIN OF 3 102.1000 99 0.60032472
MIN OF 10 97,7400 99 0.47836695




TEsT

UNIFORMITY
PAIRS
TRIPLES
MAX OF >
MAX OF s
MIN oF 3
MIN OF 19

TEST

UNIFORMITY
PAIRS
TRIPLES
MAX oF
MAX oF g
MIN OF 3

MIN OF 19

TABLLE S5.1,1 (continucd)

RUN #3
CHI-SQUARE D.F.
1006. 3400 999
93.8720 99
1052. 0000 999
93. 5400 99
104. 5000 99
102. 7400 99
107. 0600 99
RUN 4
CHI-SQUARE D.F,
970.2600 999
103.9040 99
1084.4667 999
83.2400 " 99
96.4200 99
76. 7000 99
116, 5000 99

67

SIGNIF] CANCE

0.56949803
0.36930366
0.8813125g
0.36019046
0.66318213
0.61749364

0.72480337

SIGNIFICANCE

0{26223433
0.64798213
0.970217¢8
0.12861638
0.4407529¢

0.04945168

0.89040197




TEST

UNTFORMITY
PAIRS
TRIPLES
MAX OF 2
MAX OF 5
MIN OF 3

MIN OF 10

68

TABLE 5.1.1 {continued)

RUN #5
CHI-SQUARE D.F. SIGNIFICANCE
.

1052.4000 999 0.88303445
82.5080 99 0.11705985
1013.5333 999 0.63124447
92,6200 . 99 0.33528034
98.8400 99 0.50965471
140.6600 99 0.99687357

136.3000 - 99 0.99333696

e




P,

69

5.2 Random Numbers Having

A Discrete Distribution

Sequences of random numbers from the binomial density

. —

N

£ = ) o pF e @- NN 0 ep 1, x=0,1,..N (5.2.1)

were gencrated for a variety of paramcter combinations. The range of
the variable was divided into k intervals of probability a; s such that
the expected value of ecach interval, m - qi, was at least 10. The X2

statistic was computed as

P
N
H
n =

©; -m - qi)z/m aqy . (5.2.2)

i=1

where Oi is the number of observed occurrences in the ith interval, and
m is the size of the sample generated. The significance level was com-
puted as
2
x</2 _
se /) » Ly et et /2 Dy (5.2.3)
where v = degreces of freedom, in this case v = k-1. The results of
these tests are recorded in table 5.2.1. A sample size of 1000 random
numbers were generated for each test.

Random nunfers ‘from-the Poisson density
X =X -
f(x) = Ae¢e /x! ,0< A <o x=0,1,,..,» (5.2.4)

and from the negative binomial density

r+x-1 T
( X

f(x) = ) - p . (1..1)))(, T 2-0, 0 < p < 1‘ (5.2.5]
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werce toested in the same manner as random numbers from the binomial density

S Tt B o

gzt o

(5.2.1). The results of these tests are recorded in table 5.2.2 and 5.2.3

R .

respectively. = ——

ot

F
¥
1



TABLE 5.2.1

RESULTS OF CHI-SQUARE GOCODNESS OF FIT TESTS
ON RANDOM NUMBERS FROM THE BINOMIAL DENSITY

| P N D.F. CHI-SQUARE SIGNTFICANCE

] 0.100 10 4 6.03494 0.8034458581

E 0. 100 20 6 6.44102 0.6243600635
. 0.100 30 7 2.52631 0.0748969943

i 0.100 40 9 6.33123 0.2936355148
g 0.100 50 9 12.92191 0.8338284965
s 0.200 10 5 7.56431 0.8180614798

?3 0. 200 20 8 16.34847 0.9623445588
0.200 30 10 15.13733 0.8728654417

0.200 40 o 9.00770 0.3788180126

0.200 50 13 12.00444 0.4727203102

0.300 10 7 7.97911 0.6655606411

0.300 20 9 10.98540 0.7232888983

0.300 30 11 17.78713 0.9133367551

i " 0.300 40 - 13 . 12.08372 0.4792085395
i 0.300 50 15 21.66071 0.8829858823
1 0.400 10 7 7.29406 ' 0.6010818180
3 0.400 20 . 10 12.18194 0.7269356404
0.400 30 - 12 20. 64248 0.9441325598

0.400 40 14 10.05124 0.2415723570

0.400 50 16 12.35961 0.2811236434

0.500 10 8 6.86156 0.4483592431

0.500 20 10 12.57912 . 0.7518355135

0.500 30 12 10.41700 0.4205727006

0.500 40 14 23.28293 0.9441810635

0.500 - 50 16 9.42171 ' 0.1049637735

0.600 10 7 6.92477 0.5632454466

0.600 20 10 15.27415 0.9494885520

0.600 30 12 1017474 0.3993657394

0.600 40 14 11.25580 0.3341658613

0.600 50 16 1003645 0.1352515684
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3 TABLE 5.2.1 {continued)

i P N D.F. CHI-SQUARE SIGNIFICANCE
£ 0,700 10 7 3.47126 0.1617396643
; 0.700 20 9 10.70221 0.7033259190
] 0.700 30 11 12.02199 0.6380075901
E 0.700 40 13 13, 88283  0.6178520373
: 0.700 50 15 18. 60988 0.7680404078
E 0.800 10 5 4,53985 0.5254310881
? ' 0.800 20 8 16.74590 0.9671335640
s 0.800 30 10 10.97150 0.6402573630
3 0.800 40 1. 9.02074 0. 3800224541
b 0.800 50 13 15. 05620 0.6961423824
i 0.900 10 4 3.31137 0.4928666476
‘ 0.900 20 6 4.40204 0.3775593406
0.900 30 7 6.78871 0.5487935778

0.900 40 9 €.74965 0. 3368342656

0.900 50 9 5.04256 0.1694175512




RESULTS OF CHI-SQUARE GOODNESS OF FIT TESTS ON
RANDOM NUMBERS FROM THE POISSON DENSITY.

©LAM D.F. CHI - SQUARE STGNIFICANCE
5.00 10 13,572 0.8068012578
10.00 15 8. 51890 0.0986988385
' 15.00 17 16.33853 0.5000245564
20.00 20 18,35403 0.4359007928
25,00 21 28,7049 0.8787325544
30.00 - 23 24.94425 0.6468336304
- 35.00 25  26.91360 0.6397852204
40.00 27 43.19749 0.9750174127
45.00 28 22.55633 0.2450911949
50.00 30  23.26187 0.1956567510
5. 00 30 42.01434 0.9286283430
60. 00 31 34.81330 0.7087406320
65.00 33 : 29.49011 0.3573849816
70.00 34 29,7347 0.3231975827
75.00 35 26.18810 0.1410044103
80.00 35 _ 26,80832 0.1619395204
85.00 36 21.61020 -0.0278060381
90.00 37 28,29852 0.1527661009
95.00 38 30.51639 0.1992224404
100. 00 39 ' 37.10850 0.4435994584

TABLE 5.2.2




0.100

" 0.100

0.100
0.100
0.100
0.200
0.200
0.200
0,200
0.200
0.300
0.300
~0.300
£ 0.300
0.300
0.400
0.400
0.400
0.400
0.400
0.500
0.500
0.500
0.500
0.500
0.600
0.600
0,600
0.600

TABLE 5.2.3

74

RESULTS OF CHI-SQUARE GOODNESS CF FIT TESTS ON RANDOM
NUMBERS FROM THE NEGATIVE BINOMIAL DENSITY.

g O BN

10

~

10

10

10

co

10

e

[=-T e B

D.F.

41
57
67
72
76
23
33
40
45
49
15
22
28
31
34
11

16

20
23
25
8
12
15
17
19
6
9
11
13

—

CHI-SQUARE

36.08627
51.64328
77.44254
54.21390
58,52535
20.00081
27.73007
43.00986 .
42.83166
38.69528
11.10495
25.94653
17.46899
25.10221
18.65952
12.32864
7.20666
20.18198
23,12594
22.04679
4.96920
13.04976
16.03409
25.16863
24.55579
13.11971
14.42509
13.29194
17.84469

SIGNIFICANCE

0.3115372475
0.3244292796
0.8201664431
0.0583581269
0.0683503608
0.3581367902
0.2730820886
0.6563763897
0.4357673160
0.1455417220
0.2548804445
0.7460151638
0.0612580512
0.2368731801
0.0151991805
0.6605459138
0.0309309696
0.5534007984
0.5466209213
0.3669595654
0.2391366628
0.6345655810
0.6202105433
0.9000016643
0.8243107298
0.9588261108
0.8920130256
0.72532659063
0.8364937782




§

0.600
0.700
0.700
0.700
0.700
0.700
0.800
0.800
0.800
0.800
0.800
0.900
0.900
0.500

0.500°

0.900

10

10

10

10

TABLE 5,2.3 {continued)

D.F.

14

L R T CRP VO N e

CHI-SQUARE

13.95647
6.42472
11.10162
$.98931
4.82568
14.96953
1.03482
2.88184
1.48994
4,59512
2.13612
0.67942
0.23420
4.99992
2.59324
2.34658

75

SIGNIFICANCE

0.5470410000
0.7329438096
0.8657526004
0.7342226732
0.0974859792
0.8161040822

0.2071720727

0.2818034287
0.0398398009
0.2907654504
0.0234479888
0.2880246110
0.0281120703
0.8281970919
0.3719796012
0.3276973945

b
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5.3 Random Numbers From Continuous

Distribution Functions

Scquences of random numbers from the exponential

f(t) =t ,0¢t <o © (5.3.10)
and normal .
“Lix
F(x) = (V71 e, e <X <w (5.3.2)

densities werc generated, and segmcnted into z0 intervals of approximate-
ly equal probability, p; = 0.05. Samples of m = 1000 random numbers were
generated and the x? statistic computed as

20

>
~
U

e ]

= (0, -m - pi)2(m Py _ (5.3.3)
i=

where Oi is the number of obscrved occurrences in the ith interval. The
significance level was calculated as given in (5.2.3) with v = 19. The
results of these tests are given in tables 5.3.1 and 5.3.2.

Sequences of random numbers from the gamma density
Cpon . n-1 -t -
f{t} = (I/r(n)) t e , 0<t <w, (5.3.4)

were tested in a somewhat different manner. If t is a variable with

density (5.3.4) then

L L :
y=2-°-(®"*-(@4 n-1° (5.3.5)
should have an approximate standard normal density when n is large,
Sequences of m gomma distributed random numbers were generated and using
the transformation (5.3.5), transformed to m approximately standard normal

variables. As before, the normal distribution was partitioned into 20
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RESULTS OF CHI-SQUARE GOODNESS OF FIT TESTS ON RANDOM
NUMBERS FROM THE EXPONENTIAL DENSITY, F(X)=EXP(-X).

o _
D.F. CHI-SQUARE SIGNIFICANCE
19 20. 76000 0.6497876
19 11.24000 0.0844989
19 17.64000 0.4534074
19 22.68000 0.7482694
19 13. 68000 0.1979842
19 18. 52000 0.5120074
19 11.48000 0.0933650
19 17. 36000 ©0.4345072
19 24.24000 08128032
19 37.24000 0.9925960

TABLE 5.3.1




5.
I
‘ ;

3 D.F,
2 19
B 19
» 19

1 19
- 19
»

19
A 19
4 19
i 19
; 19

19

25.

18

6.
14,
19,
20,
23.
11.
18.

CHI-SQUARE

.59699
42150
.29836
71247
75770
91207
76446
50146
96570
02468

TABLE 5.3.2

RESULTS OF CHI-SQUARE GOODNESS OF FIT TESTS ON RANDOM
NUMBLRS FROM THE NORMAL DENSITY

SIGNIFICANCE

0.5808149783
0.8528693863
0.4974018037
0.0044039802
0.2621316817
0.6001134403
0.6500395713
07840244000
0.1129139927
0.4792096579
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intervals of approximately equal probability p; = 0.05, and the x?
statistic computed as before. The results of these tests are recorded in

table 5.3.3.

RESULTS OF CHI-SQUARE GOODNESS OF FIT TESTS ON TRANSFORMED
GAMMA RANDOM NUMBERS

SAMPLE SIZE N b.F. CHI-SQUARE SIGNIFICANCE
100 50 19 12.30156 0.1276659399
100 100 1s 14.27597 0.2326276646
100 200 19 13.7923¢0 0.2043727108
200 50 19 13,89520 0.2160288470
200 100 18 20.25710 0.6207407158
200 200 19 23.61244 0.7885588803
500 50 19 23.13291 0.7684615439
500 100 19 21.81446 0.7114659110
500 200 19 32,02104 0.9689153752

TABLE 5.3.3

5.4 Discussion of Results.
It should be emphasized that no test or series of tests can ass&rc
' .

the suitability of a given sequence of randem numbers for a particular
problem. When possible the scquence should be tested on a similar
problem with known solution. However, the results prescnted here esta-
blish the fundamental reliability of the generation procedures prescented
'in this paper. The significance levels obtainsd should follow the uni-

form distribution on (0,1} if the corresponding null hyvpothesis tested

are valid. The above results arce in agreement with this condition.




CiAPTER 6
DESCRIPTION AND USE
OF GENERATOR PROGRAMS

.

6.1 GENO
GENO supplies the user with a very fast procedure for the generation

of indepcndent uniform (0,1) random numbers with density
fu) =1, 0 <uc<l, (6.1.1)

The method used was suggested by Dr. Rolf Bargmann [1] and is a form of

the nmultiplicative congruential procedure,

= g » 32
U@ty mod 2 : (6.1.2)

where a = 5!3, This procedure requires that ugy, the starting vaiue, be
an odd positive integer!
GENO is written as a subroutine with entry point URAN. It is called

as follows:
U = URAN(1OD), ©(6.1.3)

where "IOD" is the starting value and must be an odd pbsitive integer.
The desired random number U in (6.1.3), is returned to the calling program
in single precision real mode.

GENO recquires 20 words (80 bytes) of storage space and an avcfagc

time per gencration of 25 uscc.

I

-~
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6.2 GEN1
GEN1 provides the uscr with a fast procedure for the generation of

exponentially distributed random numbers
-X
f(x) = ¢ , 0 < x < e, (6.2.1)

L]
The method used is that described in 4.1, and presented by Marsaglia in

[13].
GEN1 is written as a subroutine with entry point RANEXP. It is called

from a FORTRAN main program as follows:

X = RANEXP(I10D). (6.2.2)

‘The parameter "IOD' primes the scheme for the generation of uniform (0,1)

random numbers, "IOD" must be an odd positive integer to insure the proper
generation of u. The required random number x in (6.2.2) is returned to
che calling program in single precision real mode.

The average time per generation is approximately 70 usec. Memory

requirement for GEN1 is 307 words (1228 bytes).

6.3 GENZ
GEN2 supplies the user with a fast procedure for the generation of

ganma (o = n, B = 1)

gy) = 1rm) -yl e, o<y <o (6.3.1)

distributed random numbers. The technique used is deseribed in 4.2,

GEN2 is written as a subroutine with entry point RANCGAM, and is

called from a FORTRAN main program as follows:

s
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Y = RANGAM(IOD,N). (6.3.2)

As before, "10D" must be an odd poesitive integer and n = "N in (6.3.1).
The required variate is returned in single precision real mode.
GENZ rcquires 313 words of memory space and approximately 65 - N

usec per generation for N > 1.

6.4 GEN3
GEN3 supplies the user with a fast procedure for the genszration of

random numbers from the standard normal density
e __zixZ .- )
£(x) = (1/V2r) e , @< X <™, (6.4.1)

The procedure is described in 4.3 and by Marsaglia in [12].
GEN3 is written as a subroutine and is called from a FORTRAN main pro-

gram as follows:
X = RANORM(IOD). (6.4.2)

The parameter "ICOD" ﬁust be an odd positive integer, ‘and the required
variate X in (6.4.2) is returned to the calling program in single precision
real mode.

Memory requirement for GEN3 is 442 words. The aQerage time per genera-

tion is approximately 65 uscc.

6.5 GENA
GEN4 provides a fast proccdure for the generation of random numbers

from the binomial distributiun

x, 0 <p<l, x=0,1,...,n (6.5.1)

rix

£ = () pia - p
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GENA is written as a subroutine with two entry points, BSETUP and RANBI.

The user calls BSETUP with the parameters "P'" and "N e.g.

CALL BSETUP (P,N). (6.5.2)

BSETUP calculates point probabilities using the recursion relation

N

£(0) = (1 - M) .and (6;4.3)

3
o
4
<3

F(x+1) = £(x) + P+ (N-x)/((x+1) + (1-P)).

The four sets of discrete values are then stored using the procedure de-

scribed in Chapter 2. BSETUP need be called only once for a given "P"

and "N", but must be called at least once prior to calling RANBI.

o TR
T ey e £ o

RANBI addresses the very fast scheme that generates the required

variates. It is called as follows:
X = RANBI(I0D) (6.4.4)

where "IOD" must be an odd positive integer, and X is returned in single
precision real mode, i
In its present form GEN4 requires the "P'" be in the real mode,

,0 <P <1, and that "N" be in the integer mode and not exceed 255. The
program requires 948 words of memory and an average time per generatién of
approximately 35-40 usec, Figure 2.1 describes the flowchart of GEN4
except for the section that computes point probabilities.

If the user desires random numbers returncd in the intcger mode, he
need only delete

STMT

199 ST 0, RLS
200 MVI  RES, X'46'
201 AL 0, RS
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and change the designation RANBI to TANBI iﬁ his calling.statement and

in statements

170 ENTRY RANBI

171 USING RANBI, 15
173 DC  CL7' ..RANBI'
174RANBI ST™M 1,3, 24(1%) -

Storage requirements may also be altered simply by changing

STMT
146 C 7, =F'2000"
222 DS 2000XL1.

6.5 GENS
GEN5 supplies a fast routine for the generation of random numbers from

the poisson density
X -} :
f(x) = A% “/xt ,0<r<®, x=0,1,.... (6.5.1)

Since the domain of x is infinite, it is ncccessary to truncate the distri-
bution. This is done at both low and high point values whenever a point
probability is less than 1674,
GENS is written as a subroutine with two entry points, PSETUP and
RANPOI. The user calls PSETUP with the parameter A, e.g.
CALL PSETUP (ALAM). to (6.5.2)
PSETUP calculates point probabilities using the recursion relation
A

C£(0) = e

£(x+1) = £(x) + A/(x+]), (6.5.3)

JEPRE VR ST
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and stores the four sets of discrcte values by means of the techﬁique
described in Chapter 20 PSETUP nccd»b?<£gllcd only once for a given A,
but must be called at least once before the initial call to RANPOI,

The entry point RANPOI addresses the very fast schéme that performs

the actual gencration of the required variate. It is called as follows:
X = RANPCI(I0D), (6.5.4)

where "IOD" must be an odd positive integer and the desired random number
X is returned in single precision real mode.

GEN5 requires 972 words of memory space and an average time per gener—
ation of approximately 35-10 usec. The flow of GENé follows that presented
in figure 2.1 except for the section that computes the point probabilities.

1f the user desires his result returned in the integer mode, he

need only dclete

STMT
190 ST 0,RES
191 | MVI RES, X'46!
192 AE A 0,RES

and change the designation RANPQI to IANPOI in his calling statement and

in statements ¢ : '

STMT
161 ENTRY RANPOI
162 , USING RANPOIL
164 DC © CL?'  RANPOI!
165 RANPOI . STM  1,3,24(13) .

Storage requirement may also be altered by changing
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STMT
137 C 7, = F'2000"
- 211 A DS 2000XL1 .

6.6 GENG
GENG provides a fast rvoutince for genesating random numbers from the
P 8 g

negative binomial density

£(x) = ( ypt -p)* ,0<p<l, x=0,1, ..., (6.6.1)

-

X+r-1
X
and r > 0.

% 3 . The domain of x is infinite, consequently, the distribution is truncated

at both low and high point values whenever a point probabilitf is less than
- ] e
GEN6 is written as a subroutine with two entry points, NBSETU and

RANEBI. NBSETU receives the parameters, p and r, and calculates point

probabilities using the recursion relation

£(0) = p* ‘ ' (6.6.2)

' f(x+1) = £(x) + (1-p) « (x+1r)/(x+1).

Having computed the point probabilities, NBSETU then storecs the four sets
of discrete values using the procedure described in Chapter 2. NBSETU is

called as follows:

CALL NBSETU(P,IR), : (6.6.3)

where "IR" must be in the integer mode and 0 < "P" < 1, NBSETU necd be
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called only once for a given "P'" und "IR", but must be called at lcast
once prior to the initial call to RANEBI.
RANEBI addresses the very fast scheme for the genecration of the

required variates, and is called as follows:

X

"

NEBI (I0D), (6.6.4)

where "I0D", the primer, must be an odd positive integer, and X is returned
in single precision real mode.

GEN6é requires 944 words ofrstorage space and an average time per
generation in the 35-40 usec range. The flow-chart of GENG follows that
of figure 2,1 except for the‘section of GEN6 that calculates the point

probabilities. e

(I . 6.7 GEN?

GEN7 provides a fast proce@ure for gene;ating discrete random vari-
ables with any specified probability distribution dcno£ed by a vector
P = {pl,pz, ...}, It is written as a subroutine with two entry points,
DSETUP and RANDIS, DSETUP is called with 3 parameters, "P'", "IX', "N',
where "P'" is a vector of probabilities {(real mode), "IX" is a vector of
corresponding discrete values (integer mode), and "N is the number o}

elements in vectors, e.g.
CALL DSETUP (P, IX,N). (6.7.1)

The discrete values of the "IX" vector are stored in four sets based on
the high order 4 digits of the elements of the "P" vector. This procedurc

is given in Chapter 2 and illustrated in figurce 2.1. DSETUP nced be called
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only once for a particular set of parameters, however, it must be called
at least once prior to the initial call to RANDIS.

RANDIS addresses the very fast scheme that performs the actual gencra-

tion of the required variates., It is called as follows:
X = RANDIS(10D), (6.7.2)

where "IOD" must be an odd positive integer and "X", the generated variate

" is returned in single precision real mode.

In its present form GEN7 requires that the elements of the "IX" vector
be in the integer mode and that no value exceed 255. Also, the parameter
YN", the number of elements in the vectors, may not exceed 256, If.thc
user wishes his discrete varisbles, members of the "IX" vector, to be in
the real mode or to be in the integer mode but with values greater than
255, he need only make the changes indicated by table 6.1, If he desires

to have his result returned in the integer mode he neced only delete the

following
STMT i
149 ST 0,RES
150 MVI RES, X'46'
151 AC ' ,RES,

~ and change the designation RANDIS to IANDIS in his calling statement and

in the following

STMT
120 ENTRY RANDIS
121 USING RANDIS, 15
123 oo CL7'  RANDIS'

124 RANDIS STM 1,3,24(13).
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Storage requirement may also be altercd simply by changing

STMT
97 T 7, = F'2000"

168 A DS 2000XL1
In its present form GEN7 rcquires 904 words of memory space and

35-40 usec per generation. .

ki
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